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Abstract 



The paper is devoted to the study of Gamma white noise analysis. We define an ex- 
tended Fock space J-Ext^H) over 7i = L 2 (M. d , da), and show how to include the usual Fock 
space T{H) in it as a subspace. We introduce in ^Ext(W) operators a(£) = j Rd dx£(x)a(x), 
£ £ S 1 , with a(x) = d| + 2^a x + 1 + d x + d x d x d x , where and ^ are the creation and 
annihilation operators at x. We show that (a(£))?eS is a family of commuting selfadjoint 
operators in ^Ext(^) an d construct the Fourier transform in generalized joint eigenvec- 
tors of this family. This transform is a unitary / between T^xtCH) and the L 2 -space 
L 2 (S' ,dfio), where is the measure of Gamma white noise with intensity a. The image 
of a(£) under / is the operator of multiplication by (•,£), so that a(£)'s are Gamma field 
operators. The Fock structure of the Gamma space determined by / coincides with that 
discovered in [Infinite Dimensional Analysis, Quantum Probability and Related Topics 1 
(1998), 91-117]. We note that / extends in a natural way the multiple stochastic integral 
(chaos) decomposition of the "chaotic" subspace of the Gamma space. Next, we introduce 
and study spaces of test and generalized functions of Gamma white noise and derive ex- 
plicit formulas for the action of the creation, neutral, and Gamma annihilation operators 
on these spaces. 
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Introduction 



During last years, one witnesses the growth of interest to the the study of compound, 
or more generally marked Poisson processes and application of these to different 
problems of probability theory, stochastic analysis and mathematical physics, see 
e.g. [16, 18]. The Gamma process is an important example of a compound Poisson 
process with a non-finite measure of the values of jumps of the process in the Levy 
formula. In this paper, we derive a white noise calculus for the Gamma process, 
studying in detail the so-called Gamma field operators. Our interest in the Gamma 
analysis was inspired, in particular, by the papers by Vershik et al. [34, 35, 33], 
where the Gamma measure was used in construction of a representation of a group 
of flows. On the other hand, we improve the results of the paper [22], in which the 
Fock type structure of the Gamma space was discovered. 

Let us shortly describe our results. Let a be a non-atomic Radon measure 
on M. d and suppose here, for simplicity, that supper = M. d . In Sect. 1, we in- 
troduce the so-called extended Fock space ^Ext(^) over 7i = L 2 (M, d , da) . This 
space is defined as a completion of the set J-'^S) with respect to (w.r.t.) a scalar 
product (•, -)^Bxt(H)) which is defined by using a simple combinatorial rule. Here, 
•7 r fin(S') := 0™ =o S® 11 is the topological direct sum of the complexified symmetric 
tensor powers of the Schwartz test space S. Thus, J-'&niS) consists of finite sequences 
/ = (/^°\ • • • j f^ n \ 0,0,...), where is a smooth symmetric rapidly decreas- 
ing function of j variables. We show also the way how to include the usual Fock 
space over H, denoted by T{H), into T-&J(H), so that becomes a proper 

subspace of JF Ext (7i). 

Recall now that the Gamma white noise measure /j,q with intensity measure a 
is defined on S' — the dual of S w.r.t. the zero space Ti — by its Laplace transform 

^g(v?) — / expK^V 9 )] d[iG(v) — ex P — / l°g(l — v( x )) da(x) , 1 > ip e S. 
J s' L JR d 

(1) 

In Sect. 2, we introduce a family of commuting, essentially selfadjoint operators 
( a (Q)tes i n pExti'H) with domain Fa^S) by the formula 

a(0 = a + (0 + 2a°(0 + a"(0 + f {da ■ id, (2) 

where a + (£) is a usual creation operator: 

a°(£) is a usual neutral operator: 

a°(0^ n = n(^)§^ (n - 1} , 
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and a (£) is an annihilation operator acting as follows: 

a-(0</?® n = n<£, v?)^^^ + n(n - 1)(^ 2 )§^ ( "" 2) 

(notice that the first addend corresponds to the usual annihilation operator, while 
the second addend is an annihilation of a new type). 

By using the spectral approach to commutative Jacobi fields in the Fock space 
[3, 6, 24, 4], we construct the Fourier transform in generalized joint eigenvectors of 
the family (a~(^))g 6 g, where a~(£) is the closure of a(£). This transform, denoted 
by /, is a unitary between J-"Ext(7~Q and the Gamma space L 2 (S',dfic) := (L G ), 
which was already constructed in [22]. The image of a~(£) under 7 is the operator 
of multiplication by the monomial (•,£). Thus, a~(£)'s are actually Gamma field 
operators. 

In Sect. 3, we study the "chaos decomposition" of the Gamma space which 
naturally appears from its Fock type structure. We show also that the restriction 
I \ Ti^H) of the unitary I to the Fock space as a subspace of JF Ext (7i) is exactly 
the standard isomorphism between T^H) and the part of (L G ) which appears as a 
result of the chaos expansion in multiple stochastic integrals w.r.t. the compensated 
Gamma process. Thus, our approach gives a natural way how, in the Gamma case, 
to overcome the main difficulty in compound Poisson analysis connected with the 
fact that these processes do not possess the chaotic representation property. 

In Sect. 4, we introduce and study spaces of test and generalized functions of 
Gamma white noise. This allows us, in particular, to introduce the coordinate 
operators u>(x)-, x G M d , which, as follows from (2), have the form 

u( x y = dt + 2d% + i + o x + d%d x , 

where d x and d x are the (images of the) creation and annihilation operators at x. 

Finally, in Sects. 5 and 6, we derive explicit formulas for the action of the op- 
erators a + (£)) a °(0> an d a (0- Some formulas appearing here are nothing but 
infinite-dimensional analogs of the formulas obtained in the one-dimensional case 
by Meixner in his classical work [29]. 

1 Extended Fock space and its rigging 

Let <7 be a Borel, regular, non-atomic, cr-finite measure on R d , d G N. First, we 
recall the construction from [25] of a rigging of the real L 2 -space L 2 (M. d , da) = 7i by 
spaces of test and generalized functions of Schwartz type. (Notice that, since a is 
not necessarily the Lebesgue measure, we need some additional consideration.) 

Let (e^^o be the system of Hermite functions on KL For each p > 1, define <S P (R) 
to be the real Hilbert space spanned by the orthonormal basis (e,-(2j + 2) _p )°^ , 
and let <S p (lR d ) = S p (M)® d . Considered as a subspace of L 2 (R d , dx), every space 
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S p (WL d ) coincides with the domain of the operator (H® d ) p , where H® d is the harmonic 
oscillator in L 2 (R d , dx): H® d = - Y? i=l (^) 2 +Eii x i+ 1 - As wel1 known, S(R d ) = 
proj lim iS p (]R d ) is the Schwartz space of rapidly decreasing functions on R d , 
Si(R d ) consists of continuous functions, and 

R d 3x^5 x e S^(R d ) 

is a continuous mapping, where <S_ p (M d ) denotes the dual of S p (lR d ). We suppose 
the existence of e > such that the space «Si +e (R d ) is continuously embedded into 
H; for example, the following condition holds: 

WtxWl+tfRd) da(x) < oo. 

Let O p : S p (R d ) H be an embedding operator. Since S(IR d ) is a nuclear space, we 
can suppose without loss of generality that the operator 1+e is of Hilbert-Schmidt 
type (in case of the Lebesgue measure, da(x) = dx, we can take e = 0). Note that, 
because of the regularity and a-fmiteness of the measure a, S(R d ) is a dense subset 
of L 2 (R d ,a). 

Define now S p to be the Hilbert factor space S p+e / ker O p+e . By [5], Ch. 5, Sect. 5, 
subsec. 1, \H, S p | p > 1} is a sequence of compatible Hilbert spaces. Thus, we 
obtain the rigging 

S' = ind lim S_p D L 2 (R d , da) = H D proj lim S p = S, (3) 

p->oo ' 

where S- p , resp. S' is the dual of S p , resp. S w.r.t. the zero space H. We stress that, 
for arbitrary p > p', the space S p is continuously embedded into S p > and | • \ p > \ ■ \ p r, 
where | • \ p denotes the S p norm. Notice that, in fact, the spaces S p and S are 
completely determined by the support of a, i.e., S is the Schwartz test space on 
supp a. 

Now we wish to define an n-particle extended Fock space over H, JF^ t (7i), 
n G N. Under a loop h connecting points Xi,...,x m , m > 2, we understand 
a class of ordered sets (2^(1), • • • , x^m)), where 7r is a permutation of {1, . . . ,n}, 
which coincide up to a cyclic permutation. For example, (xi,X2,Xs) and (x^,Xi,X2) 
define the same loop, while (xi,X2,xs) and (X2, xi, X3) define different loops. We 
put |x| — m. We will interpret also a set {x} as a "one-point" loop x, i.e., a loop 
that comes out of x, \h\ — 1. 

Let a n — {xi, . . . , x\ an \} be a collection of loops Xj that connect points from the 
set {xi, . . . , x n } so that every point Xi G {x±, . . . , x n } goes into one loop = 
from a n . Here, \a n \ denotes the number of the loops in a n , evidently n = Y^j*=i \ x j\- 
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Let A n stand for the set of all possible collections of loops a n over the points 
{xi, . . . ,x n }. Every a n G A n generates the following continuous mapping 

St 3f {n) ^f {n) (x 1 ,...,x n )^ 

^ fa] { xi,..^.,Xi , X 2 ,...,X2 , X\ an \, . X\ an \ ) G K 1 , (4) 

| xi | times times \*\a n | I times 

where the lower index C denotes complexification of a real space and the symbol ® 
stands for the symmetric tensor power. Indeed, for any p > 1, the diagonalization 
operator D given by 

= fW( Xl ,x 2 ) - 3>/( 2 > = (VfV)(x) = f (2 \x,x) 
acts continuously from S®^ into S Pt c, 

\Vf { %<C p \fW\ p , (5) 
where | • \ p denotes also the norm of each space S®^, fiGN, which yields 

\ f (n)\ ^ r ,(l> f i|- 1 )+(l >t -2|-l)+-+(|x|a„||-l)| An)\ (a\ 
\Ja„ \P — °P \J \pi V°) 

giving the continuity of the mapping (4). 

Thus, we define a scalar product on S® n by 

(/ w ,2 (n V» = E / dl ,(» n ^„^ KI , (7) 

txt „ c4 JM. d \ a n\ 

where /(") is the complex conjugate of f( n \ Let jF^ t (7Y) be the closure of S® n in 
the norm generated by (7). 

Remark 1. It is easy to see that the number of the summands in the series (7) 
is exactly n\. Let us prove this by induction. For n — 1, this is trivial. Let the 
statement hold for n. At the step (n+1) we add a point x n+ i to the set {xi, . . . , x n }. 
If x n+ i goes into a "one-point" loop, then by the supposition there are exactly n\ 
variants. If x n+ i goes into a loop that connect this point with other points from 
{xi, . . . ,x n }, then to each loop connecting i points from {x±, . . . ,x n } we can add 
the point x n+ \ in i different ways. That gives nn\ variants. Thus, in total we have 
exactly (n+ 1)! variants. 

The extended Fock space JF Ext (7i) over H is defined as a weighted direct sum of 
the spaces ^^(H): 

oo 

^(W) = n!, (8) 

n=0 
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where T^l t (li) = C and 0! = 1. I.e., .FExt(W) consists of sequences / = {f^,/^, 
/< 2 \ ...) such that /( n ) G ^S(W) and 

oo 

11/11^(70 =Ell/ (B) II^O(«) n!<00 - 
ra=0 

Throughout the paper we will identify G J-^ t (Tt) with the vector 

(0,...,0,/W 0,0...) e^Ext(W). 

In the following section, we will need a nuclear space that is topologically, i.e., 
densely and continuously, embedded into J 7 Ext(Ti), an d its dual space. Thus, we 
take 

^Ext(W) 3 -MS), -^fin(^) 3 ^fin(^). (9) 

Here, Tr^S) is the topological direct sum of the spaces S® n , i.e., J r fin (S') consists 
of all finite sequences / = / {m) , 0, 0, ... ) such that /W G sf n and 

the convergence in J-"s. n (S) means the uniform finiteness and the coordinate-wise 
convergence. That J-'^S) is dense in ^Ext(^) follows directly from the definition 
of ^ r Ext('^)- (6), (7), and Remark 1 give 

||/<% n) <n! max \\&\ 2 ^ 

< nlK? max \f{£ \l < n\ K^C^lf^, (10) 

where K\ is the norm of the inclusion operator S\ ^> H. (we suppose that the 
constants K±, C\ > 1). (10) implies the continuity of the embedding J-'&^S) 

•^Ext('W)- 

The space •F^S') in (9) is the dual of Ffi n (S). It will be convenient for us to 
take it as the dual of Fq^S) w.r.t. the zero space T{H), the usual Fock space over 
H: 

oo 

^(W) = 0W§"n!. 

n=0 

So, the second inclusion in (9) is part of the nuclear triple (cf. e.g. [5]) 

Md^d^s). (ii) 

The space F^S) consists of infinite sequences F = (F^°\ F^ 2 \ . . . ), where 
F (n) e gf®n and the dua i ization with / G .Ffi n (S) is given by 

oo 

(<F,/)> = ^<FW,/W>n!, 

n=0 
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where (•, •) denotes the dualization generated by the scalar product in H® n , which 
is supposed to be linear in both dots. 

Finally, we note that the usual Fock space Ti^H) can be included into JF Ext (7i). 
To this end, we construct a subset of S® n of the form 

H {n) = 1. s. { </?i§ • • • ®ip n | <fi G S c , o-(supp ipifl supp <pj) = Vi, j = 1, . . . , n, i ^ j}> 
where 1. s. denotes the linear span. It follows from (7) that, for arbitrary f < - n \g < - n ' > G 

(/ (B) .ff (B) )^ ( «) = (/ (B) ^ (B) )«t- ( 12 ) 

Let 7£H be the closure of in the ^(H) norm. Evidently, 7?X n ) is a subspace 
of J^t(H). On the other hand, the set is dense in Tif n . Therefore, in view of 
(12), we can identify with nf 1 . Then, the subspace 0^° =O 7^W n! of JF Ext (7i) 
is identified with T^H). 

Remark 2. Let us explain how the extended Fock space happens to be greater than 
the usual Fock space. Take, for example, n — 2. Then, the space 7i® 2 — L 2 (M. 2d , da 2 ) 
is the complex space of quadratic integrable symmetric functions of two variables 
from M. d . Of course, any function from H® 2 is defined on R 2d up to a set of zero 
a 2 measure. The diagonal {(x, x) \ x G W 1 } in R 2d has a 2 measure zero, while a is 
non- atomic. On the other hand, every function G J^J^H) must also be defined 
on the diagonal up to a set of zero a measure, if we identify this diagonal with M. d . 
Thus, any function G 7i® 2 is included into ^Ext(^) ^ we P u ^ additionally that 
is equal to zero on the diagonal. An analogous situation takes place in all the 
other n-particle spaces with n > 3. 

Remark 3. Let us stress that we have constructed two different types of inclusion: 
the first one F^S) C JF(7i) in (11) and TiTi) as a subspace of JF Ext (7i). 

2 Gamma field operators 
and the Fourier transform 

In this section, we will define a family of Gamma field operators and construct a 
Fourier transform in generalized joint eigenvectors of this family. 

For each (6 5, let a + (£) be the standard creation operator defined on J-^ n {S): 

a + (Of (n) =m (n \ f {n) eSt, ne No = {0,1,2,...}. (13) 
Because of the estimate 

ie®/ (n) l P <iei P l/ (n) U (14) 
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the operator acts continuously on ^^(S). 

Let us calculate the adjoint operator of a + (£) in F^tiTi), which will be denoted 
by a~(£). By (7), (8), and (13), we have for arbitrary £,</?, ip e S, 

(a+(o^ n ,r {n+1) )^ t (H) = (n+ 1)! (t®<p® n , r {n+1) )^ +1) 



(n + 1)! ^ / ((^)®W) 49B ) a +1 ^ K+l1 

"n+lt'lii+l 



= (n+1)! 



= (y^ n , (n + , ^)^ 0n + (n + l)n(^ 2 )®^® (n_1) ) 



^Ext(W)' 



where we used just as in Remark 1 the observation that a new point can be added 
to a loop connecting i points in % different ways. Thus, 

where a7(£) is the standard annihilation operator: 

and (0 given by 

aj(0v® n = n(n-l)(^)®^ (n - 2) 

is a "Gamma annihilation" operator, which appears because of the nonstandard 
scalar product in our Fock space. Due to (5), a~(£) acts continuously on T^iS) 
and 

|ar(0/ (B i<«iei-pl/ (B) U 

\a2(Of (n) \ P <n(n-l)C 2 p \ap\f (n) \ P , (15) 

Finally, we define on J-"s. n (S) the neutral operator a°(£), £ G S, as the differential 
second quantization of the operator of multiplication by £: 

a°(0^ n = ™(^)%>® (n_1) , V^e,S. 
Again, a°(£) acts continuously on F^S) and 

|a°(0/ (n) l P < nC p |e|p|/ (B) | p , f {n) e Sl n . (16) 
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Thus, we are in position to define, for each £ e S, the Gamma field operator 
a(£) on ^fln^): 

a(0 = a + (0 + 2a°(0 + (£> id +«-(£), (17) 

where (£) = J Rd da(x) and id denotes the identity operator. Each a(£) with 
domain ^ r fi n (S') is a Hermitian operator in J^xtCH)- 

Lemma 1 The operators a(£) , £ E S, with domain J-^S) are essentially selfadjoint 
in J r Ext{'H) and their closures a~(£) constitute a family of commuting selfadjoint 
operators, where the commutation is understood in the sense of the resolutions of 
the identity. 

Proof. Let us show that every e 5®", n G No, is an analytical vector of each 
a(£), i.e., the series 

00 ll „l c\ m f M II 

V IK0 f }^ in) \zr, zee, 
ml 

m=0 

has a positive radius of convergence. 

To this end, we define, for each p > 1 and k e No, a Hilbert space 



J=i,*(5p) = 05^(n!) 2 2»*, (18) 

n=0 

i.e.,for/ = (/(°),/( 1 ),/( 2 ),...)G^.(^), 

oo 

k, fc (, P ) = Ei/ (n) UN) 2 2" fc . 



ra=0 



Because of (10), we have that topologically Fi, k() (Si) C ^ Ex t(^) if 2 fco/2 > K 1 C 1 
and 

II ' 11-^1, k (Si) — II ' ll-^Ext(W)- 

Taking to notice that each a(^) m f^ belongs to J-fi n (S), it suffices to prove that the 
series 



M0"7 ( ">lk l0 <s,) . _ 



ml 

m=0 



has a positive radius of convergence. We have 

a(O m = (a + (0 + 2a°(0 + (0 id+MO + (0)' 

5 m 
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where every operator Yj >m (£) is a composition of m operators every one of which is 
one of the operators a + (£), 2a°(£), (£) id, a]~(£), (£)■ F rom (14)-(16), we deduce 
that 

l|G + (0/ (n) |k fco (*) ^ (^ + 1 )2 fe0/2 |e|l||/ (n) |U llfc0 (5 1 ), 

l|ar(0/ (B) lk. fc0 (5 1 )<2-* 0/2 |ei-i||/ (B) ll^. fc0 (5 1 ), 

IK (0/ (n) ll^ lfco (Si) < (n - ^C^-^/^kH/^H^^^). 

Hence, 

K0 m / (n) lk fc0 (*) ^ 5 m (2C 1 2 2 fc o/ 2 )™i^±^ maxllei!,^)}!!/^!!^^)- 
Thus, it remains to note that the series 

^—^ m! 

m=0 

converges as \z\ < (10C 2 2 fc °/ 2 ) -1 . By using, e.g., [5], Ch. 5, Th. 1.7, we conclude 
that the operators a(£) are essentially selfadjoint on T&^S). 

Let us show that the operators a(£) commute on ^^(S 1 ). Any operators 
and a + (^2) evidently commute. Hence, their adjoints and a^(^ 2 ) also com- 

mute. Next, the operators of second quantization a°(£i) and a ^) commute, since 
do the operators of multiplication by £i and £ 2 - Next, we have to show that 

+ a°(£i)a + (6) = + (19) 

which evidently yields 

+ a°(ei)a"(6) = + a°(6K(6). 

But (19) can be easily verified on the vectors of the form (p® n , ip e S, if one uses 
the equality 



a (£)v?i<g></? 2 ® • • • (SiVn = (£y?i)®y?2® • • • ®V?n 

+ V?l§(£y?2)® • • • ®V?n H 1" • • • ®<Pn-l®{&n)i 

which gives, in particular, 

a°(0vi®V? (B " 1) = (^i)®V? (B " 1) + (" " l)^i®(^ 2 )§^ (n " 2) - (20) 
Finally, we have to show that 
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It is not hard to see that 

a 2 -(0</?i^f n = 2n(Z<p 1 <p 2 )®<p? n - 1) +n(n - l)^®^)®^^ ■ 

Then, 

= n<6, ^)6^ (n_1) + n(n - 1)6®(6^)^ ( "" 2) + (6, 6)^" 
+ ¥>)&®¥>® (n_1) + 2n(ei6^)^® (ri_1) + n(n - l)£ 2 §(£ lV 9 2 )§y^"- 2 \ 

which is symmetric in £1 and £ 2 - Thus, arbitrary a(£i) and a(£ 2 ) commute. 
Since the operators a~(£) are essentially self adjoint on ^^(S 1 ), the set 

(a~(0-^id)^ fin (5), zGC, Qz^O, 

is dense in F^ti'H). In addition 

(a~(0-2id)^ fin (S) c.F fin (S). 

Therefore, for arbitrary £i,£ 2 £ 5, the operators a~(£i), a~(£ 2 ), and 

t (a~(6) - ^d)^fin(^) 

have a total set of analytical vectors. Thus, by [5], Ch. 5, Th. 1.15, the operators 
commute in the sense of the resolutions of the identity. ■ 

Theorem 1 There exists a unitary isomorphism 

I: ^Ext(^) - L 2 (S',B(S'),d(i G ) = (L 2 G ) 

between the extended Fock space J-'Exti'H) and the complex L 2 -space over S' with the 
Borel measure ji G of Gamma white noise, whose Laplace transform is given by (1). 
This isomorphism is defined on the dense set J-'a^S) by the formula 

oo 

Jfln(S) ^f= (f in) )n=0 »If= W)M = £<:^ n : G ,/ (n) } (21) 

n=0 

(the series in (21) is actually finite) , where :uj® n : G G S ' ® n is the n-th Gamma-Wick 
power of uj G S' given by the recurrence formula 

: uj^ n+1 ^. G = : u^ n+1 h G ( Xl , . . . , x n+1 ) = (: u;® n : G ( Xl , . . . , x n )u;(x n+1 ))~ 
- n(: u® (n ~ 1) : G (x 1 , . . . ,x n - 1 )S(x n+1 - 
- n(n - 1) (: w® (n_1) : G (^i, • • • , x n _i)6(:r n - x n _i)5(a; n+ i - x n ))~ (22) 
- 2n(:u® n : G (x 1 , . . .,x n )S(x n+1 - x n ))~ - (: u® n : G ( Xl , . . . , x n )l(x n+ i))~ , 
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where (-)~ denotes the symmetrization of a function. 

The image of each operator a" '(£) , (6 5, under I is the operator of multiplication 
by the monomial (•,£) m (L G ): 

/a-CO/" 1 = (-,0- • (23) 

Remark 4. Let us explain the term "Gamma noise," introduced in [22]. Let A be a 
bounded Borel set in IR d and let xa denote the indicator of A. Then, one can define 
the random variable (r.v.) Xa = XaH = (ou,Xa) as an (L G )-limit of a sequence 
of r.v.'s (ou,^j) such that £j — > xa in L 2 (M d ,<i0") as j — > oo. Then, the Laplace 
transform 

/ exp[AX A (w)] dfi G (u) = exp [ — er(A) log(l — A)] , A < 1, 

coincides with the Laplace transform of a r.v. having Gamma distribution with 
parameter cr(A), i.e., the density of the distribution of Xa is 

s a(A)-l e -s 

pa(s) = TRAIT' s * °- (24) 

In case d — 1 and dcr(a;) = dx, the process (X t ) t > , where X t = X[ 0jt ] and X = 0, is 
known as a Gamma process, see, e.g., [32], Sect. 19. Thus, the triple (S' , B(S'), /x G ) 
is a direct representation of the generalized stochastic process (X t ) t > , see [10]. So, 
the term "Gamma noise" is natural for fiQ. 

Let us also note that the Gamma white noise is a special case of a compound 
Poisson white noise, see e.g. [9, 10, 26, 22], because the Laplace transform (1) can 
also be presented in the form 



/ exp[(w, <p)] dfi G (uj) = exp / / (e s ^ x) - 1) da(x) — ds 

JS' I JO JR d s 



(25) 



This yields, in particular, that the measure hq is concentrated on the following 
subset of S', e.g., [15, 17]. Let T denote the marked configuration space over supper 
with marks in ]0, oof that is defined as follows: T consists of sets 7 C supp <rx]0, 00 [ 
such that, for arbitrary disjoint (x, s x ), (y, s y ) G 7, we have x 7^ y, and for any a > 
and K C M. d compact, 7 fl (K x [a, oof) is a finite set. Then, the measure /iq is 
concentrated on the set of those u> G S' which can be presented in the form 



u= ^ Sx5x ( 26 ) 

(x,s x )e-y 



with 7 G T. 
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Proof of Theorem 1. Just as in the case of Gaussian and Poisson measures, see [3, 6, 
24], we deduce, by using the projection spectral theorem [5], Ch. 3, Th. 2.7, the exis- 
tence of a unitary isomorphism I between .F Ext (7i) and an L 2 -space L 2 (S' , B(S'), dfi) 
for which the formulas (21)-(23) hold. Here, fi is a Borel probability measure on S", 
which is the spectral measure of the family (a~(^))^ e 5. Indeed, the major step in 
the proof of this fact is the following lemma. 

Lemma 2 1) The family (a~(0)?e5 ^ s connected with (9) in a standard way, i.e., 
for each £ G S, a(£) is a linear continuous operator on jF fin (S'). 

2) For an arbitrary fixed f G F^niS), the mapping 

S3^ a(Of e F &n (S) 

is linear and continuous. 

3) The vacuum Q = (1, 0, 0, ... ) G J-'uniS) is a strong cyclic vector of the family 
( a ~(0)fes> 2.e., the linear span of the set 

{n} U { a(f i) • • • a(£ n )fi | e 5, i = 1, . . . , n, n G N } 

zs dense in jF fin (S'). 

The item 1 of Lemma 2 we have already proved, while the item 2 follows from the 
definition of the operators a(£) and the estimates (14)-(16). The item 3 is implied 
by the fact that we have the standard creation operators, which allows us just to 
repeat the proof of the corresponding fact in the Gaussian and Poisson cases. 

Thus, having Lemma 2, we apply the projection spectral theorem, which gives 
us the existence of a spectral measure \x of the family [a^[^)\^s as a probability 
measure on S'. For /z-almost every u G S', there exists a generalized joint eigenvector 

?H = (pW( w ) ):=oG 4(s) 

satisfying 

((PH,a(0/)) = (o;,£)((P(a;),/», / G ^(S). (27) 
Then, the operator I defined by 

oo 

If = (If){u) = ((P(u), /)) = X> (n) M> f [n) ) n\, (28) 

?1=0 

/ = U <n) )n=0 G ^(5), 

can be extended by continuity to a unitary operator between J r Ext( / ^) and 
L 2 (S',B(S'),dfx), under which any operator a~(£) goes over into the operator of 
multiplication by (see (27) and (28)). Denoting :u® n : G = P<- n \u)n\, we 
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present the unitary I in the form (21). The recurrence formula (22) can now be 
derived from the equality 

{uJ,0(-oo® n : G ,t® n } = <:c^ (n+1) : G ,£ 0(n+1) > + (: ^ n : G , 2n(£ 2 )§^ (n ~ 1) + (£)£® n ) 
+ (: oj^-^-.q, n(f)^ (n_1) + n(n - l)(£ 3 )§£ 0(n - 2) >. 

As easily seen, :uj® n : G is well defined as an element of S' m for each uo G S', not 
only for //-almost all uo G S'. 

Thus, we need only to prove that /x is, in fact, the measure of Gamma white 
noise. 

Let B h (R d ) denote the set of all bounded Borel sets in R d , let A G B h (R d ), 
and let xa denote the indicator of A. Denote by o~(xa) the operator in JF Ext (7i) 
whose image under the unitary / is the operator of multiplication by the function 
(u, X a) = (■■ uj^-.g, X a) + <r(A) = (/xa)H + <r(A). 

Each of the vectors Xa™' n — 0> Xa° := ^> belongs to J r Ext('H), and let /Ca be 
the subspace of .T-ExtC^O spanned by these vectors. A limiting procedure shows that 

a~( X A)xT = xT +1) + (2n + o"(A))xa™ + n(n - 1 + a(A)) X ^-^. (29) 

Therefore, /Ca is an invariant subspace for the operator o~(xa)- Let oa stand for 
the restriction of <2~(xa) to the linear span of the vectors Xa™- Then, a a is a densely 
defined, Hermitian operator in /Ca- 

Let c„ iA = ||XA n H^Ext(w)> then the vectors (e^)^, with = c^Xa". fc> rm an 
orthonormal basis (ONB) in /Ca- (29) yields 

QAf >) = ^±1^ e ^+D + ( 2n + a(A))e^ + n(n - 1 + <r(A)) e^. (30) 

Cn,A C nj A 

Since oa is Hermitian, the matrix of this operator in the ONB (e^)^Lo must be 
symmetric, which together with the formula (30) implies that this matrix is a Jacobi 
one, see [2], i.e., 

(n) i a ( n ) i (n— 1) /01 \ 

a A eX = «n+l,A e A + Pn,A e A + a n,A e A ■ ( 31 ) 

Comparing (30) and (31) gives the equality 

; — = n(n — 1 + er(A)) — , 

C n -1,A C n ,A 

from where 

= y/n(n-l + a(A)). (32) 

C n -1,A 

Substituting (32) into (30), we derive that the coefficients in (31) equal 

a nA = y/n(n - l + a(A)), (5 nA = 2n + a(A). (33) 
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By using e.g. [2], Ch. 7, Th. 1.3, we conclude that the Jacobi matrix defined by 
the coefficients (33) has a unique spectral measure. This means that there exists a 
unique probability measure /iA on R such that the system of polynomials (-P n ,A)«^o 
defined by the recurrence formula 

Pn+1,A( S ) = " (0 s ~ Pn,A) P nA( S ) ~ ®n,A P n-l,A( S )) ( 34 ) 

£*n+l,A 

forms an ONB in L 2 (R, cI/ia), and under the unitary Ia - /Ca — > L 2 (M.,dfiA) given 
by Ia^a = Pn,A the operator — the closure in /Ca of the essentially selfadjoint 
operator oa — goes over into the operator of multiplication by s. Moreover, the 
form of the coefficients (33) gives (see, e.g., [7]) that the measure /za is exactly the 
Gamma distribution having density (24). 

On the other hand, since Ia^^XAjl^ 1 is the operator of multiplication by (u>, xa), 
(31) and (34) imply that 

(Jei n) )(c)=P n ,A((^XA)). 

Therefore, /xa coincides with the distribution of the r.v. (uj,xa)- 

Next, for arbitrary disjoint sets A 1; A 2 G B h (M. d ), the spaces IC^QQ. and /Ca 2 0^ 
are orthogonal in J r Ext{ / H)- Here, Q denotes the vacuum space spanned by Q, and 
denotes the orthogonal difference. Therefore, the r.v.'s (o;,xai) and (uj,xa 2 ) are 
independent. 

Thus, fi is indeed the measure of Gamma white noise. ■ 

Remark 5. Note that the polynomial P n ,A( s ) is up to a multiplier (— l) n the nor- 
malized Laguerre polynomial with parameter <r(A) — 1. Therefore, 

(:w«": G ,/ (B) > = (-l) B <ii»,/ (B) >, 

where L a n {iS) is the kernel of the generalized Laguerre polynomial introduced in [22]. 
This yields, in particular, that the Gamma- Wick exponential defined by 



^ (:^«: G ,^">, V eS c , (35) 



n U - 



has the following representation, for ip G S such that <p > — 1, 

"(a;,-^-)-(log(l + ^))]. (36) 

09+1 J 



: : G = exp 



Remark 6. Following the tradition of quantum probability, e.g., [30], the family of 
the operators (a~(xA))AeA can be called a quantum Gamma process in the extended 
Fock space JF Ext (H). 
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3 Chaos decomposition of the Gamma space 

In this section, we will discuss some properties of the unitary / and the space of 
Gamma white noise (L G ). 

Denote by V(S') the set of continuous polynomials on S', i.e., functions on S' of 
the form 

n 

0(c) = /<*>), /W g sf, = 1, i e N . 

The greatest number n for which ^ is called the power of a polynomial. 
Denote also by V n (S') the set of continuous polynomials of power < n. 
By using the isomorphism 

oo 

•Ffin(S) 9 / = (/<»>)« o ^ /<»>) G P(S'), (37) 

n=0 

one induces from ^ r fi n (5') a topology on V(S'), which makes it a nuclear space. 
Proposition 1 We have 

i(FUs)) = v(s'), 

and the topology on V(S') induced from J-& n (S) by I coincides with that induced by 
(37). 

Proof. Using the recurrence relation (22), one obtains by induction the inclusion 
H^&niS)) C V(S'), and moreover, the equality 

(: o^ro, f in) ) = (a;®", + p„_i(u;), (38) 

where p„_i(cj) G V n -i(S'). Using (38), one obtains again by induction the inverse 
inclusion V(S') C J-'^S). The statement about the topology on V(S') follows 
directly from the above consideration. ■ 

For every n G No, put (L Gn ) = J(jFg™|(7Y)), so that we obtain the following 
decomposition of the space (Lq): 

oo 

( L D = 0(^G,J- (39) 

n=0 

Proposition 2 For each n G N, we have 

(Ll n )=v G AS')ev G ^ 1 (s>), (40) 

where Vg,u(S') denotes the closure of V n (S') in the (L G ) norm, and stands for 
the orthogonal difference in (L G ). 
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Proof. As appears from the proof of Proposition 1, 



n 



^(0sf i )=^(n 



i=0 



and hence 



n n 



i=0 i=0 



from where (40) follows. ■ 




Proof. (41) is derived from (38) and Proposition 2 by applying to the left and 
right hand sides of the latter formula the operator Pg,« an d taking to notice that 



Propositions 2 and 3 make it possible to interpret (39) as a kind of chaos de- 
composition of (Lq). However, one should be careful with this term. Indeed, since 
E[Xa] = c(A) and E[(Xa — a(A)) 2 ] = o~(A), the compensated Gamma process 



X A = X A (u) = X A (cu) - (7(A) = (to, X a) ~ o-(A) = (: u 91 : G , X a), A G B h (R d ), 



is a normal martingale, and so one can introduce multiple stochastic integrals w.r.t. 
Xa- But it follows from the general result of [8] that this process does not possess 
the chaotic representation property, so that (39) cannot be a chaos decomposition 
of (L G ) in the sense of multiple stochastic integrals. To be more precise, we present 
the following propopsition. 

Proposition 4 The chaos in (L G ) generated by multiple stochastic integrals w.r.t. 
the compensated Gamma process Xa coincides with the image under the unitary I 
of the usual Fock space T^K) as a subspace of jF Ext (7i) , and moreover 



for an arbitrary f^ G H® n , where H.® n is considered as a subspace of J-^i^H). 

Proof. We remind that the n-fold stochastic integral w.r.t. Xa are defined as follows 
(e.g., [30, 8]). First, one takes arbitrary disjoint sets A 1; . . . , A n G A and sets 



(:u*": Q ,fM)e(Ll tn ). M 





(xa 1 (x 1 ) ■ ■■XA n (xn))~dX Xl ■ --dX Xn = X Al ■ ■■Xak- 



(42) 
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Then, one extends the equality (42) by linearity and continuity in the 7i^ n norm. 
But Theorem 1 yields that 

X Al (w) • • • X An (uj) = (: u m : G , XAl > • • • (: u 91 : Q , X A n ) 

= /(KxaJ - a(Ax) id) • • • (a( X A„) - <r(A n ) id)Q) 

= /(a + (XA!) • • -a + (xAj^) = /(XAi® • • • ®XaJ, 

which together with our consideration at the end of Section 1 gives the statement. 
■ 

4 Spaces of test and generalized functions 
and coordinate operators on them 

In this section, we will construct spaces of test and generalized functions of Gamma 
white noise and consider some their properties. The simplest ones can be obtained 
by applying I to (9). Thus, taking to notice Proposition 1, we get 

(Lq) d V{S'), v(s'y d V(S'). 

The dual V(S')* of the space of continuous polynomials V(S') consists of generalized 
functions, which we present in the form 

oo 

$ = $(cj) = ^(:c^ n : G ,F (n) ), 

n=0 

where F = (F (n) )^ =0 e ^L( s ) and the dualization of $ with E V(S'), </>(u) = 
Er=o( : ^G,/ (n) ),is given by 

oo 

(($,0)) = ^(FW,/^)n!. 

n=0 

However, the test space V(S') is too small. This is why we will consider the 
following nuclear space and its dual: (cf. [19, 1, 23, 20]) 

FExtCH) ^ projlim^ r 1)fe (5'p) = ^(Si), 

p,k— +oo 

T^{S') = indlim.F_ 1) _ fc (S'_ p ) D proj \\m^ k {S p ) = F 1 (S 1 ), (43) 

p,k—*oo p,k—*oo 

where the spaces J 7 i t k(S p ), p > 1, k > ko, are defined by (18), F-i-kiS-p) are their 
respective duals (w.r.t. jF(7i)): 

oo 
n=0 
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The application of / to (43) gives the following spaces of test and generalized func- 
tions: 

(L^Dprojhm^^^G) 1 , 

p,fc^oo 

(So)- 1 = mdlim(5 G ):;_ fe D pn.jli.ni.S,;);.., = (S G )\ 

p,k—nx> p,fc^oo 

On the space (So) -1 , we introduce an 5-transform in a standard way (cf. [19, 1, 
23, 20]): If $ G (Sq)- 1 , then by the definition of (Sg) -1 there are p > 1 and k > k 
such that $ G (Sq)! 1 _ k , and we put 

S[*](6) = (($, : e<-*> : G », G S c , < 2~ fc / 2 , (44) 

where $ is the complex conjugate of $ and : e^'^ : G is defined by (35). The condition 
on the norm of £ in (44) implies that : : G G (Sg) 1 ^., so that the dualization in 
(44) is well-defined. From the definition of the iS-transform, we have for each 

oo 

$ = $(cu) = ^(:^ n : G ,FW), 

n=0 

that 

oo 

S[$](0) =^(fW ] ^). 

n=0 

Notice that if 9 G S^, we can s ^ m define the Wick exponential : e^'' 6 ^ : G by the 
same formula (35), considering it as a generalized function from (Sg) _1 . Hence, the 
S-transform of a test function <j>{u) = ^ =o (:u 0n : G , /W) G (Sg) 1 can be extended 
on S' c by setting 

oo 

SM6) = «0,:e^> : G » = £</ (n) ,0, * G Sfc- 

n=0 

The following two theorems, which are due to [19], give the description of the 
spaces (Sg) 1 and (Sg)^ 1 in terms of the 5-transform. 

Theorem 2 For any $ G (S'c) -1 , «S[$] is a function holomorphic at zero, i.e., 
«S[$] G Holo(S'c). ^4nd conversely, for any F G Holo(Sc), t/iere exists a unique 
$ G (Sg) -1 suc/i t/iat <S[$] = F (i.e., t/iere is a neighborhood of zero, U, such that 
S[$](9) = F{6) for allO eU). 

Denote by S^ in (S' c ) the set of entire functions on S' c of the first order of growth 
and of minimal type, i.e., a function u entire on S' c belongs to S^ in (S' c ) iff 

Vp>0Ve>03C>0: |u(0)| < Ce 6 ^, 6 G S_ P) c- 
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The set S^i Q (S' c ) can be topologized by the following family of norms 

\u\i, P ,k= sup {|u(0)|exp[-i|0|_j}, p,keN, (45) 

so that S^i Q (S' c ) becomes a countably normed space. 

Theorem 3 For any G (Sg)\ «S[0] G ^(Sj). And conversely, for any f G 
£min(S'c)i there exits a unique G (So) 1 such that S[(f>] = f. Moreover, the S- 
transform is a homeomorphism between the topological spaces (So) 1 and ^min(^c)- 

Denote now by S^J^S') the set of the restrictions to S' of functions from S^ in (S' c ). 
The topology on £^ in (S") is induced by that of £^ lin (S' c ). 

The next theorem gives the inner description of the test space (Sq) 1 - 

Theorem 4 We have 

{S G ) 1 = £^ a (S% (46) 
where (46) is understood as an equality of topological spaces. 

Proof. This theorem is, in fact, a direct corollary of results of [20] (see also [27]), since 
the Gamma- Wick monomials (: uj^-.q, f^) form a generalized Appell system in the 

sense of [20] with the transformation function atUp) = — — — (cf. [22]). However, for 

y? + 1 

the further exposition, we need to state some details of the theory of (generalized) 
Appell polynomials. 

Let pi be a probability measure on (S', B(S')) satisfying the following two condi- 
tions: 

Condition 1. The Laplace transform £ M (y?) of the measure /i can be extended to 
an analytic function in a neighborhood of zero in S' c . , 

Condition 2. If G V(S') and = //-almost everywhere, then = 0. 

Put 

e " ( " ; " ) (M 

Due to Condition 1 and the fact that ^(0) = 1, for every fixed u G S' e^{ip;oj) is 
an analytic function of <p in a neighborhood of zero. 

Define now Pp\u) = 1 and P^\uj) G S'® n , n G N, by 

(P^(uj), V n = ^\ t=o e^;uj), (47) 



so that 



dt n 



nl 

n=0 
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By using the kernel theorem, one shows that this definition is correct, i.e., that (47) 
really determines an element of S"® n . A function of uo of the form (P^ n \uj), f^}, 
where G S® n , is called an Appell polynomial. These polynomials have the 
following very important property: let v G S' and let D v denote the Gateaux 
derivative in direction v: 



D v <p{uj) = — <f)(uj + tv) = lim 



(f){ljj + tv) — <f>(u) 



dt\t=o ' v ' t—o t 
then 

^ fl) H,^) = n(t;,^)(P / i"- 1) (^),^ (n " 1) ), 

i.e., D v acts as an annihilation operator w.r.t. the Appell polynomials. Particularly, 
for the gradient 

V x = D 5x , xeR d , (48) 

we have 

V,<PfH,0 = n V >(x){Plr 1) («>),<P* {n - 1) )- 

and so 

V x e M (v?; u) = ip(x)e^(ip; u). 

Now, for each p > 1 and G No, one introduces a norm || • on V(S') as 
follows: for 

A; 

^H = E<^S B) H./ (B) >. 

n=0 

we have 

oo 

ii^iil*=ei/ (b) i;(" ! ) 2 2 b *, 

n=0 

and let [S^]^ denote the closure of P(5") in this norm. Put 

[S^] 1 = proj lim[S M ]J )fc . 

Thus, one has [23] that there exist pi > 1 and fci G No such that [5^]^ is topo- 
logically embedded into L 2 (S',dfi) = (Lfy, and moreover, one has the topological 
equality 

[Sp] = S min (S'). 

Next, we proceed to consider a generalized Appell system. Let a be an arbitrary 
function that maps a neighborhood of zero in Sc into itself, which is supposed to be 
holomorphic, invertible and to satisfy a(0) = 0. 

Let 

e fta (^) = e>(,);,) = ^. 
22 



Then, analogously to the above, one defines generalized Appell polynomials 
(P^a(oo), in such a way that 



oo 1 



m 

n=0 



The a-gradient V" is defined now by 

K(p^l^ n ) = Mx)(p£r 1) M,^ M > ) 

so that 

Using the polynomials (Pf£a(w), /^), one defines just as above the spaces [S^]*^, 
and again [20] there exist p 2 > 1 and A; 2 G N such that [S^\ l P2 ^ a is topologically 
embedded into (L 2 ) and 

[SfM = proj lim[^]J ife a = £^ n (S'). 

Let us come back to the case of the Gamma measure \i = /iq. Evidently the 
Laplace transform £g(*p) °f A*G satisfies Condition 1 (see (1)). Proposition 1 implies 
that Condition 2 is also satisfied for /jlq. Thus, we can put 

e G (^; = = exp [(u, y?> + (log(l - if))] . (49) 



By setting 

which satisfies the conditions on a, we get 



e G , Q (y?;^) = exp (w, — ^— ) - (log(l + (f)) . (51) 
Comparing the last formula with (36), we conclude that 

which yields the theorem. ■ 

On the space (Sg) -1 , one can introduce a Wick product <0> as follows (cf. [19, 23, 
20]): for arbitrary $, ^ e (Sg) -1 , $0^ is an element of (Sq)' 1 such that 

<S[$O*](0) = S[Q](6) S[*](9) (52) 
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for 9 G S<c from some neighborhood of zero. Since Holo(Sc) is an algebra under 
pointwise multiplication of functions, this definition is correct. (52) implies that 

(: u® n : G , F™) (: cu® m : G , G {m) ) = (: co^ n+m ^. G , F^gG (m) ). 

Notice that the Wick product of two test functions from (Sq) 1 belongs again to 
(Sg) 1 - 

Remark 7. Because of (49)-(51), the above introduced Wick product on (Sq)^ 1 co- 
incides with the Wick product on this space defined in the framework of biorthogonal 
analysis [23], i.e., by using the function e G (- ; 9) instead of : : G . 

Let us consider a pair of simplest examples of generalized functions from {Sq)~ 1 . 
The first one is the Gamma white noise: 

u(x) = : u : G (x) + 1 = (: w 01 : G , S x ) + 1 G (S Q )Z\ _ feo , x G supp a, 

the function u(x) — 1 = :uj: g (x) can be thought of as the compensated Gamma 
white noise. Next, by taking the Wick product of : uj : G (xi), i = 1, . . . , n, we obtain 
a Gamma white noise monomial as 

: u : G (zi) : w : G (x 2 ) • • • : w : G (x n ) = (: w® n : G , 6 X1 ® ■ ■ ■ ®6 Xn ) 
= :u* n : G (x 1 ,...,x n )e(S G )Zl- k0 . 

The delta function of Gamma white noise, 5 V , where v G S', is defined by 

((5 v ,<l>)) = <Kv), <j>e(S G )\ 

Evidently, 5 V belongs to (Sq)' 1 and has the representation: 



oo 1 

5 v = 5 v (u>) = V(:^": G ,-:^": G ). 

< * 71 I 



nl 

n=0 



Now, we wish to introduce operators of coordinate multiplication, u>(x)-, acting 
from (Sq) 1 into (Sc)^ 1 . To this end, we define first linear operators d x : (Sq) 1 — > 
(Sq) 1 and d\,\ (Sq)' 1 — > (Sq) -1 for each x G supper by 

9,(:a;® B : G ,/W>=n(:a;®^- 1 ): G ,/W(x,.)>, 
4(:^ n : G ,F^) = (:c^ n+1 ): G A§F (n) >. 

It easy to show that these operators are continuous. 

Let us preserve the same notations a + (£)j a °(0> a i~(0> an d a 2 (0 f° r the images 
of the corresponding operators under the unitary /. Then, the operators a + (£) and 
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a x (£) have the integral representation (cf. [12]): 

«r(0 = / da(x) £(x)d x , 

J SUpp <T 

a+(0= / da(x)e(x)^. (53) 

•/ supp a 

Integrals of such type are understood usually in the sense that one applies point- 
wisely the integrand operator to a test function, then dualizes the result with another 
test function, and finally integrates the obtained function of x w.r.t. the measure a. 

As well known, the neutral operator a°(£) has the representation 

a°(0= / da{x)i{x)d\d x . 

J supp a 

A new point appearing in Gamma analysis is, of course, the second annihilation 
operator, aj(£), which has now the representation 

a 2 -(0= / da{x)i{x)dld x d x . (54) 

J supp a 

The formula (54) can be verified in a standard way. 
Thus, we define the operator uj{x)- by 

u(x)- = d\ + 2d% + 1 + d x + dld x d x , (55) 

which acts continuously from (Sg) 1 into (<Sg) -1 . Evidently, 



(w,0- = / dtr(a;)^(a;)w(a:)- 

•/ supp cr 



By analogy with [13] and [26], the family of operators (uj(x)-) x( z suppa can be also 
called a Gamma field, or a quantum Gamma white noise process. 

As will be shown now, the action of all the above operators can be easily repre- 
sented in terms of the iS-transform. Indeed, let G (Sq) 1 and let U{6) = S[(f>](0). 
The formula for d x1 resp. a + (£) is well known (e.g., [11]): 

S[dt<f>](9)=9(x)U(6), 6eS c , 

s[a + (O<P](e)^(c,e)u(0), ees' c 

(of course, the formula for <9| holds for $ G (Sc)^ 1 with 9 from a neiborhood of zero 
in 5c). 
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Next, analogously to [14], we have that 

S[(d x + 2dld x )<PW) = D Sx{1+2e) U(e), 9 G S c , (56) 
5[(ar(0 + 2a°(O)0](^) = D m+2e) U(9), 9 G S' c , (57) 

where D v , v G S' c , denotes also the Gateaux derivatives in direction v of a function 
defined on S' c . Indeed, let be of the form <j>(u) = (:u;® n : G ,ip® n ), then Z7[0](0) = 
(ip® n ,9® n ), and 

d 
dt 



t _ o (<P® n , (0 + tS x (l + 2#)f n > = mp(x)(l + 2^(x))( V 9® (n - 1) , 

= S[n<p(x)(: oj®^: g , tp®^) + 2n V (x)(: oo® n : G , 5 X ^®^)](9) 
= S[(d x + 2dtd x )(:cu® n : G , <p® n )}(9), 9 G S c . 



Hence, the formula (56) will be proved if we show that, if <p m — * <fi in (S'c) 1 as 
m — > oo and U m (9) = S[<f> m ](0), then for any fixed 6* G S'c, 

lim D Sx{1+2e) U m (9) = D 8x{1+26) U{9). (58) 

m^oo 

To this end, we will use the following lemma: 

Lemma 3 For each v G S' c , D v defines a linear continuous operator on £^ n {S' c ). 
Proof. Every function u G ^min^c) can be represented in the form (see e.g. [19]) 



u(9) = ^(/ (n) , 8 m ), f (n) e ^c n 

n=0 



For each p > 1 and fc G N , define the norm 



" III 7 „ / -=^|/ (n) i;(n!) 2 2" fc , (59) 



2 

l,p,fc 

n=0 



and let £p :k (S' c ) be the closure of ^min^c) i n this norm. Theorem 3 (see also [19]) 
implies that 

£min(£c) = proj limSl k (S' c ), 

i.e., that the sequence of norms (59) is equivalent to (45) Let v G SLp^c with p' > 1. 
Since 

D v {ip® n , 9® n ) = n{(p, v) (^ n - l \ 9®^), 

the norm of D v on each (£)^ k , p > p', k G N , is not greater than \v\^ p 2~ k / 2 , and 
therefore D v acts continuously on f^inC^c)- ' 
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Now, from Theorem 3 we conclude that the convergence <fi m — > <fi in (Sq) 1 implies 
the convergence U m — > C/ in £ii n (Sc)> and hence by Lemma 3 D v U m — > D^C/ in 
^min(^c) for an y fixed w e Therefore, by (45) D v U m {6) -> A^(0) for any fixed 
G S^, which evidently implies (58) because 5 X (1 + 20) G for any 9 G 5c- The 
formula (57) can be proved absolutely analogously to (56) if we take into account 
that £(1 + 29) G S' c for an arbitrary 9 G S' c . 

Again analogously to (56), we have 

S[d^d x d x <t>]{6) = 0(x)V 2 x U(9), 9 G 5 C , 
where V x is defined by (48). Then 

S[aj(00(0) = (t(x)vlu(e),e(x)), & e Sc, (so) 

where x denotes the variable in which the dualization is carried out. 

This formula is evidently true for <j>(u) = (: cu® n : G , ^> m ): then U{9) = (<p® n , 9® n ) 
and 

(£(x)V 2 <<^, 0*»), 9(x)} = (£(x)n(n - lMx) 2 (^ n - 2 \ 9^},9(x)} 

= n(n - l)(v^ (n - 2) , 9®( n -V){& 2 : 9) 

= n(n - l)(v^ (n - 2) §(^ 2 ), 0(n - 1} ). 

Hence, it suffices to show that, if U m — > U in fi in (5' c ), then for any fixed 9 G S' c 
V x U m {9) — > V 2 X U{9) in each S^c, p > 1, as a function of x. 
Representing 

oo oo 

U m {9) = O - U{9) = J2(f (n \ in SUS'c), (61) 

n=0 n=0 

we get 

oo 

ra=0 

oo 

= ^n(n-l)(/W(x,x,-),^ (n - 2) ). 

ra=2 

(61) yields that ffi -> / {n) in sf n , and therefore 

(/W(x,x,-),^ (n - 2) > - (/ (n) (^^-),^ (n " 2) ) m S c . 
Moreover, upon (5) we have, for an arbitrary v G S- Pt c, 
\(v(x),{f£\x,x,-),9®^))\ 

= \{fm\ x UXl,X 2 , ■ ■ ■ ,X n -i),v(x 1 )9® (n - 2 \x 2 , . . . ,X„_i))| 

< \v\- P \0\ n -- p 2 C p \f^\ p , 
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whence taking to notice that S Pi c can be thought of as the dual of S- P: c, we get 

|(/i n H^^r),^ ( "- 2) )| p <^l^l-; 2 l/i n) l P - 

Estimating 

00 

^n(n-l)\(f<p(x,x,.),0°^)\ p 

n=2 

00 

< C P Y,<n - m n - p 2 \ttX 

n=2 

00 

<C p ^((n-2)!)->|- 2 |/iT ) l P n! 

n=2 

00 1/2 

< c p (j2W 2 \d?- P ) \\u m \\ w 

n=0 

we obtain the desired statement. 

Thus, we have proved the following theorem. 

Theorem 5 Let e (Sq) 1 , then the action of the operators w(x)-, x G supper, and 
(a>,£)-, £ G 5, can be represented in terms of the S-transform as follows: 

s[u{x)-4>]{e) = (e(x) + i)u(e) + D Sx{1+2 e)U(9) + e(x)wlu(e), e e s c , 

S[{u, • 0] (9) = (£,9 + l)U(9) + De (1+2ff) U(0) + (e(x)V^(^), 0(x)>, G S' c , 
where U(9) =S[<f>](6). 

5 Standard annihilation operator 
on Gamma space 

In this section, we will study the standard annihilation operators d x and 
First, we note that 

SUp \S x \- p = ||<J||p,oo < 00. 
irGsupp a 

Therefore, for each x G supp a, d x can be extended to a continuous operator on 
(S G )l jk , p > 1, k > ko, with norm < ||5|| Pi0O 2- fc / 2 . 

It follows from the proof of Theorem 4 that d x is nothing but the a-gradient 
with a(tp) = -^j, and on the total set in (Sq)^ consisting of the Wick exponentials 
: : G with \<p\ p < 2~ k/2 we have 

d x : : G = V a x : : G = ip(x): e< w >^ : G . 
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Note that 

oo 

r n=l 

and hence in virtue of (5) 

|cT»l P < ifM P <C7 p . 
1 — C„M P 



Choosing if & S such that 

2-fc/ 2 
lv?lp< l + C p 2- fe / 2 ' 
we get that \a~ l (ip)\ p < 2~ k/2 , and then upon (49)-(51) 

d x e G ( ( p;u) = d x :e^ a - 1 ^: G 

e G (ip;u) 



1 - if(x) 

oo 
n=l 

Since 

oo 

<•<*> = ittt = B-d^V", 

^ n=l 

the functions ec(v^;^) also constitute a total set in (S G )p k , and therefore, at least 
formally, we can write down 

V 00 

d x = a-\V x ) = — ^ = E V - ( 62 ) 

X 71=1 

Let Sp k (S') denote the Hilbert space constructed in the same way as Sp k (S' c ) 
(see the proof of Lemma 3) but only starting from £^(5"). Choosing an arbitrary 
p > 1 and k E No such that 2 k l 2 > \\S\\p j00 , we get that each is a continuous 
operator on Sl-(S') with norm less than one. Hence, the series Yl^Li ^™ converges 
in operator norm. Let now p > 1 and k > k Q be chosen so that the space (<Sg)p fc is 
topologically embedded into BIAS'). Then, the above functions e G (<f; u) constitute 
also a total set in S^-(S'), which implies the equality (62) on each space S^-(S'), 

and therefore on S^ nin (S'). 

In the same way, one can derive the inverse representation of (62) 

V, = a(d x ) = j-Z- = ^(-1)" +1 ^. (63) 

° x + 1 n=l 
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As a corollary of (62) or (63), we have the commutation of arbitrary V Xl and d X2 
on (S G )\ 

Now, we will show that analogously to the one-dimensional case (see e.g. [28]) 
the operators d x and aj^(£) have a representation as an integral w.r.t. a difference 
operator. 

Theorem 6 For an arbitrary (p G {Sq) 1 , we have 

POD 

(d x 4>) (u) = / (<j)(uj + sS x ) - (p(uj))e~ s ds 
Jo 

POD 

= / 4>{uj + s5 x )e~ s ds — (j)(uj), x G supp a, (64) 
Jo 

(ar(O0)H=/ / S(x)(<j>(u + s6 x )-<Ku))e- a dsd<T(x), £ G S. (65) 

J supp <j Jo 

Proof. Let 6 G S- Pt c, then for any w G ^ n (Sy, 

/»oo /»oo 

/ u(6 + s5 x )e~ s ds < |«|i,p, fe / exp [±|6> + s5 x \„ p ]e~ s ds 
Jo Jo 

POD 

< Mi.p.fcexp [i|0|_J / exp [ - s(l - |||5| p ,oo)] ds 

Jo 

= Ml,M ex P [\\ d \-p] 1 _ limi > k > IHU°> 

1 fcll°llp,oo 



where the norm | • is defined by (45). Hence 

I f u(- + s5 x )e~ s ds\ 1 ^ k <\u\ hPyk - ^— . 

1 Jo 1 1 - l\\0\\ p ,oD 

Therefore, by Theorem 4 the operator A x defined by the right hand side of (64) 
determines a linear continuous operator on (So) 1 , i.e., for arbitrary p > 1 and 
k > ko, there are p' > p and k' > k such that A x acts continuously from (Sq)^ y into 
(^G)pfc- On the other hand, d x acts also continuously on (Sq) 1 , and in particular on 
each (Sq) 1 , */■ Hence, it suffices to prove the equality (64) on a total set in (Sq) 1 , k ,. 
As such a set we take the functions : e^'^ \q with \<p\ p , < 2~ k '/ 2 . Then, 

d x :e^: G = <p(x):e^: G , 
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and from (36) we derive that 



Jo 



. e ( U +sS K , V ) . G e -s ds = I exp ^ + sSxj _ (lQg(1 + v)) 

* (f+ 1 

)- (log(l + </?))! / exp 



= exp 



e s ds 

sip(x) 
<p(x) + 1 



= ■ e {uJ ' v) : G / 
Jo 



exp 



— s 



<p(x) + 



l] 



(is 



g(^) + 1), 



(66) 



which proves (64). The formula (65) can be proved absolutely analogously. ■ 

Remark 9. Let /xcp be a measure of compound Poisson (CP) white noise on S' with 
Levy measure crv, i.e., the Laplace transform of /iqp is given by 



exp[(u, ip)] dfi CP (u) = exp 



stp(x) 



1) d<r(a;) <iz/(s) 



Then, one can study CP analysis by using an isomorphism between the usual 
Fock space over L 2 (R d+1 , dadu) and the L 2 -space of CP white noise {L 2 CV ) = 
L 2 (S',B(S'),dfi CP ) [26,22,21]. ' 

The CP-field operators a(£), £ G S, have in the Fock space the following repre- 
sentation: 

a(f) = a + (£<g>id) + a°(£<g>id) + / £(x) da(x) / s dv(s) id +gT(£ <g> id), 

where £ <E> id = (£ <g) id)(x, s) = £(x)s and a + , a , a~ are the standard creation, 
neutral, and annihilation operators, respectively. 

(The image of) the annihilation operator a - (£ ® id) acts in the following way in 
the space (Lq P ): 



(a-(£<g>id)0)H 



In case of the Gamma measure, dv(s) 
formula (67) takes the form 



£(x)s((f>(iv + s5 x ) — 4>{oj)) da(x) dv{s). (67) 
— ds (see (25)), and therefore the 



(cr(£<g>id)0)( 



(0(a; + sS x ) — 0(cj))e s da(x) ds. 



Hence, a~(£ <g> id) is just the operator under consideration in this paper. 

As a consequence of this, we can write down the explicit action of the adjoint 
operator of %(£) in (Lq), denoted by af{£), which corresponds to the operator 
a + (£ <8> id), see [31, 22]. Thus, for an arbitrary oo G S' of the form (26) 

a+(O0H = (u{x)^{x)<t>{u- s x 5 x )) - 0G Doma + (0. 
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6 Creation, neutral, and Gamma annihilation 
operators on the Gamma space 

In this section, we will obtain the explicit formulas for the operators a + (£), a°(£), 
and aj(£) acting on (L G ) by using the formula (55), which expresses the operator 
of coordinate multiplication via d x and d x and Theorem 6. 

Let us fix arbitrary p > 1 and k > ko, then each d x can be extended to a con- 
tinuous operator on (Sq) 1 -^ and d]. and uo(x)- to continuous operators from (Sq)\^ 
into (Sg)Zp_^- Choose now p > p and k G N so that the space £^ k (S') is topo- 
logically embedded into {Sq)\^. The restrictions of d x , d x1 and uj(x)- to £p jk (S') are 
continuous operators from this space into (Sq)^ and (£g)~1 respectively. We 
rewrite the formula (55) as follows: 



uj{xy = dl{d x + if + {d x + i). 



(68) 



Due to the (proof of) Theorem 6, we have for an arbitrary e £p k (S'): 




and hence on the total set in £p jk (S') consisting of the functions e 1 ^^ with |v?| p < 
2~ fc / 2 we have analogously to (66): 

(d x + l)e< w '^ = (1 - ^(x))-^^^. 



Therefore, by (68), 



w (a;) • e^ = (1 - ^(a;))- 2 ^^) + (1 - ^(x))"^^, 



which yields 



d+e^ = lo(x) ■ (ip(x) - Ife^ + (if(x) - l)e^ 
= u(x) ■ {V x - ife^ + (V a - l)e^. 



Since V x is a continuous operator on 
lemma of this section: 



p,k 



(5"), this immediately implies the central 



Lemma 4 We have on (Sq) 1 ' 



di=u(x)-(V x -l) 2 + (V x -l), 
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Now, by using (53) and Lemma 4, we can calculate, at least formally, the action 
ofa+(0: 

a+(0= / da(x)Z(x)(u(x).(y x -l) 2 + (y x -l)) 

J supp a 

= (u(x),s(x)(y x - i) 2 > + (£(*), v x - 1). 

Theorem 7 For any <p G (Sq) 1 , 

a + (O0M = (u{x),t(x)(y x - i) 2 0H) + - (OMw), w g 5', 

where x denotes the variable in which the dualization is carried out. 

Proof. Analogously to the above, we will consider a + (£) as a continuous operator 
from Sl k (S') into (5 g )-e- Take again <j>(w) = e< w> ^ with \<p\ p < 2~ k ' 2 . Then, using 
(53) and Lemma 4, we have for an arbitrary ip e (5c) 1 : 

«a + (Oe<^>^(a;)» 

= / d<7(x)e(x)(((a;(x) • (V, - l) 2 + (V, - l))e<^>, VH» 

J supp a 

= [ da{x)i{x){ V {x)-lf{{u{x)-e^\i,{u))) 

J supp a 

+ f da{x)i{x){<p{x)-l)ie^^{uj))) 

J supp a 

= (<<c^- l) 2 )e<^\^)>> + (^-l)((e^iH» 
= i( u {xU{x){<p{x) - l) 2 e<<^>) + {tip- l)e^i( W )». 

Therefore, 

a+(e)e (^> = (^(^^(^(^ _ i)2 e <^>) + l)e<<^>, (69) 

where the equality in understood as that in (Sq) -1 - But the right hand side of (69) 
considered as a function of uj belongs to Sp k (S'), which follows from the represen- 
tation 



oc 



(u>(x),t(x)(<p(x) - l) 2 e^>> = ^-^(V - I) 2 ))- 

Therefore, (69) holds for each uj G S- p . 

It remains only to note that D% is a continuous operator on £^ k {S') and for any 
fixed uj G S- p (V x — \) 2 (p m {uj) — > (V x — 1) 2 0(cj) in 5 P as a function of x if m — * <fi 
in £p k (S'), the latter being proved in the same way as the formula (60). ■ 

We proceed to consider the neutral operator a°(£) on the Gamma space. 
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Lemma 5 We have on (Sc) 1 : 

d\d x = uj(x) ■ V x (l - V x ) - V x , x G supp a. 
Proof. Using Lemma 4 and its proof, we get 

dtd x e^ = (u(x) • (V, - l) 2 + (V, - l))d x e^ 

= (^).(V,-l) 2 + (V,-l)) r ^ y e^) 

(ip(x) - l)V(x) t (<p(x) - l)<p(x)\ _ {UtV) 



= (u{x) ■ (1 - (p(x))<p(x) - (p(x))e {u ' v) 
= (a;(x)-(l-V x )V x -V x )e^. 

Again, due to the continuity of V x on £^ k {S'), we obtain the lemma. ■ 
Since formally 

a°(0= / da{x)dld x 

J supp a 

= / da(x)Z(x)(u(x)-V x (l-V x )-V x ) 

J SUpp (7 

= (co(x)^(x)V x (l - V,)) + (£(z), V x >, 

we come to the following theorem, whose proof is analogous to that of Theorem 7. 

Theorem 8 For any <p G (Sg) 1 , 

a°(O0H = V x (l - V x )4>{u)) - D^(uj), uj G S'. 

Finally, we will shortly consider the Gamma annihilation operator. Analogously 
to Lemma 5, we get 

Lemma 6 We have on (Sg) 1 

dld 2 x = u(x) ■ v 2 - d x v x 
= uj(x) • v 2 - v x d x . 

Theorem 9 For any <p G (5c) 1 

a 2 "(O0(cu) = (c(x),e(x)V 2 0M) + D^{u) 



-I f 

J supp a J 

72 



£(x)<f)(uj + sS x )e~ s ds da{x) - (f )<£M (70) 



( W (x),((x)V^)) + ^(a;) 



"/ / 

J supp a J 



£(x)V x <j>(u + s5 x )e~ s dsda(x). (71) 
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Proof. The formula (70) follows directly from the equality 



«2 (0 = (w,0 • -a + (0 -2a°(0 - (0 id-aT(0 

and from Theorems 6-8. The equivalent formula (71) is obtained from Lemma 6 
and Theorem 6 just as above. The only new point here is to prove that 

/ d<r(x)Z(x)d x V x (f> m (u) -> / da(x)Z(x)d x V x (j>(uj), to G S', (72) 

J supp a J supp a 

if m — ► in (Sg) 1 as m — > oo. Bur for each x G supp cr the norm of V x on the space 
Sp k (S') does not exceed ||5|| Pi00 2 _fc//2 < 1 under an appropriate choice of k, so that 
each V x d x = Y^=2 ( see (62)) is a continuous operator on Sp k (S') whose norm 
is bounded by a constant uniformly in x. Therefore, since £ G 5 C L 1 (supp a, dcr), 
Xuppo- dcr(x) £(x)V x d x is a continuous operator on £^ k , which implies (72). ■ 
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